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The three-d imensional  thermoelas t ic i ty  problem for a hollow isotropic  cyl inder  is con-  
s idered.  The solution is obtained in a form effective for computations for a given d iscon-  
tinuous t empera tu re  field. 

Le t  us consider  the case  of heating of a cyl inder  by the surrounding medium (T a > T) when the heat  
exchange conditions on the outer  (r = a) and inner (r = b) sur faces  have the form 

.r : a :  O---~T .+-h : (T - -Ta)=O ' T = {T,,c~ I z l <  c, 
Or O, [z] >c ,  

aT 
r = b: Or hb ( T - -  Tb) = O, T b = O, - -  co < z < oo. 

( i )  

In the dimensionless  coordinates  p and ~ the solution of the s ta t ionary heat  conduction problem sa t i s fy-  
ing the boundary conditions (1) can be wr i t ten  as  a Four i e r  integral  

(2) 

(3) 

f i~ 0 ]L(yp, 15)} siny/cosT~ dT, 
T ( p , % [ ) = T . 2 c o s n e p  {[1 Bit, 013 7A(v) 

0 [ o o][1 +] 
A(V)~-A(Z,, V)= 1 + Bi~- &z Bib 013 L(a, 13)--I+I[--IL, 

and the s t r e s s e s  a(T) caused by the t empera tu re  field (2) can be represen ted  thus [1]: 

(r) = __ o(r) = __ aTET ' 

. (4 )  ; +,=o JT) aT E Td~, x(r) = aTE 0 Td~,  xp~ 

In solving the elast ici ty  theory problem,  we se lec t  the harmonic  functions • 9, [) in t e rms  of which 
the s t r e s s e s  a (Y) a r e  expressed  in conformi ty  with Hooke's  law, in the form 

I (vv)  + dy, 
Xs / :~E \sin / As Aa / = ^ t~'p) J 7 ( 5 )  

0 

where  the constants At(7) . . . . .  A~(T) a r e  to be determined from the conditions of no total (a(T) + a(Y)) 
s t r e s s e s  op,  Tpz ,  "rp~p on the side sur faces  (p = 1 + ~ and p = 1 - ~ )  of the cyl inder .  Compliance with these 
conditions according to (4) and (2), resu l t s  at  once, in a sys tem of l inear  equations whose expanded ma t r ix  

is (| - @n = [~TETn]) 

- -  v~  (~) ,  I" @ ,  n . . . . .  A 

/ (~) e [--1 L' t ~  (~),  - r (~) ,  - n 2 ~  . . . . .  - - A -  
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n [ l!~z) ] '  I(a) I"(a), 0 
~ - I ( a ) ,  - - nL  r J . . . . .  2 

o 
- - V i ( f 3 ) ,  I" (~) ,  n - -  , . . . .  - -  A {[ -1 L (Vp, ~)}~ 

W I ([B), - -  I '  (IB), - -  n ! ([B___)) 0 {[_] L~p (yp, ~)}~ 
2iB . . . . .  A 

-~-  I (~), - -n  , I" (1~) . . . . .  0 
2 

The  e l e m e n t s  am ,  k o f  the t h r ee  co lumns  not  wr i t t en  down in (6) 
if the modi f ied  B e s s e l  funct ions  I in these  l a t t e r  a r e  r e p l a c e d  by funct ions K of the s a m e  a r g u m e n t s .  

Tak ing  a c c o u n t  of  (4), (2), (5) and in t roduc ing  the no ta t ion  

(6) 

(k = 4, 5, 6) a g r e e  with the e lements  a m , k - 3  

(7) 

(8) 

(9) 

F~ r)(p, ~,, V), F(N v)(p, Z, y), F N(p, ~,, ~) ( N =  l, 2 . . . . .  6), 

Fir) = F 2 ( r ) = _ f ( a r )  = y__O_gF(j> = [--]L(y9, f3) F4(r)_ !--]L$o(y9, ~) 
n ? h ( ? )  " - -  y A ( y )  - '  

F~N r) [ F ~  ) [ - ] L  p(2)[__]L,,z+F(~ ) I , p(5) 1 ] 1 . 
= _ - - -N Bib --"N -~-J A(?)'  

F~, = F(. ~ ~ + r(#', 

we obtain  a so lu t ion  of  the t h e r m o e l a s t i c i t y  p r o b l e m  in the f o r m  of the fol lowing i n t eg ra l s  (N = 1 and N = 4): 

0 o 2 i @ cos n~ = ~-~ FI (p' ~' ?) sin yl cos y~dy, 
0 

(I0) 

"co~ _ 2 j~ F~ (p,)~, ?) sin ?1 sin ?~d?. 
0 cos n~ a 

0 

The  funct ions  F (m) (m = 1, 2, 4,  5) in (8) have the fol lowing f o r m  for  N = 1, say  

YP J 

--A, ,~V K(YP) + ~5 (?p) +Amnn ( _  y2) _ _  = {. . .} ~ (11) 
vP va (v) va (v) A (~, y) ' 

where Ami('y ) . . . . .  AmB(y ) are the algebraic eofactors of the elements of the m-th row of the system deter- 
m i n a n t  (see [6]). The  value of  this  d e t e r m i n a n t  mul t ip l ied  by ( -T  2) is denoted by A(7) -= An(A, y ) i n  (11). 

I n t e g r a l s  such  a s  (10) a r e  eva lua ted  on the bas i s  of  the Cauchy  t h e o r e m  by s u m m i n g  the r e s i d u e s  (res) 
of  the i n t eg rands  o v e r  al l  po les  7 s in the upper  ha l f -p l ane  of 7 :  

resFN(p, ,t,, y) = lira (y - -  ys) FN (9, ~,, y), (12) 

w h e r e  Ys - Y n s  = ~ i ~ s  a r e  the r o o t s  of  the equat ion A n ( ~ , 7 )  = 0 (3); Ys - Y n s  = =~iPs, Ys =- Yns = =e ~?s 
+ i0s a r e  the roo t s  of the equa t ion*  A n ( X , 7 )  = 0 [see (6)]. 

The  e x p r e s s i o n s  (10) fo r  the s t r e s s e s  can  now be r e p r e s e n t e d  a s :  

0 0 % = % + Of~ r cos n% ~ - :  ~z + Of  4 r cos n% %~ = O~[ sin n% 
(13) 

0 " 0 ~7~ ~ O~ -~- ~QT COS nq), Tpz --~ O ~ f  COS r/q), TO~ ~ '~pcp @ {~6T sill nqg, 

w h e r e  the m a i n  c o m p o n e n t s ,  be ing va lues  of  the r e s i d u e s  a t  the po le  7 = 0 (and c o r r e s p o n d i n g  to the so lu t ion  
which is obta ined in the t e m p e r a t u r e  d i s t r i bu t ion  (2) as  " / ~  0) equal z e r o  in the c a s e  n -> 2 (but c o ~ 0), 
and a r e  the fol iowing for  n = 0 and n = 1 (a~ = a~ + a ~ ) :  

-* In c a s e  n = 0 the t o r s i o n  p r o b l e m  (with i ts  c h a r a c t e r i s t i c  r o o t s  #0s) is comple t e ly  d i v o r c e d  f r o m  that  under  
cons ide r a t i on .  Hence ,  h e r e  and hence fo r th ,  we unde r s t and  (-7-2)&0(Y) to be a four th  o r d e r  d e t e r m i n a n t  
which can  be obtained by e l iding the r o w s  m = 3, 6 and the co lumns  k = 3, 6 f r o m  the expanded m a t r i x  (6). 
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2 ( 1 - - v )  Ao(0) (ao ~  
Oo o = Jo 

4 ( t - - v )  A 1(0) o o 
01 cos q~ a Jo 

a 2 

a ~ b 2 a ) 

b 1 ( [  ( 1 - - - : ~ ) ( 1 - b : - )  ) ] )  

a ~ b 1 ~ r* ( 1 -  b~ 

(a ~ + b ~) 

4 ( 1 - - ~ ) A  I(0) o =io 
01 sin (p (a ~ + b ~) 

(14) 

(15) 

(16) 

2nA. (0) o n n (17) 

Here J0 is the discontinuous factor 

0 

sin vl cos 37.~ @ =  1/2 ~ = l 

o g > t ,  
(18) 

and in con fo rmi ty  with (3), for  n = 0 and n _> 1 we have a s  3/-- 0: 

A 0(0)=  In + ~  + , (19) 

1 n n n n 

The  component  aT(p ,  ~,, ~), r e f l ec t ing  the local  na tu re  of the heat ing (1), in (13) is  the folIowing 
(~>_0) for  N = 1 ,  2, 3, 6: 

fir (p, ~, ~) = s {[res F~ (p, ~, i• [e -~r + ee -*~(ll-BI) ] 

+ [res F N (p, ~,, i~ts) ] [e -~ts(l+~) -~- ee -~('t-gl) ] + 2 Re [res F N (p, 3,, 7~)] [ eivdt+~) + eeCV~(Iz-~t) ]}, (21) 

w h e r e  e is a fac tor  taking on the fol lowing va lues  

e =  1 for ~ I ,  e = 0  for ~ = l ,  e = - - I  for ~ > L  (22) 

The  e x p r e s s i o n s  for  the r e s i d u e s  in (21) a r e  the following by v i r tue  of (12), (7)-(9) and (3), for  N = 1, say :  

- -  ~ -I ~ } ~ , = i ~  (23) [resFl(p, X, i• { ' - - + [ - - ] L ( ? 9 ,  [3 ) - - IF I I )B i~  

[res F1 (p, ~,, i~,)1 = H + (L, i~t,) A' (;~, ip,) (24) 

i %(p, L v~) ] lres F~ (p, ~, 37.)1 = H+ (X, 37s) A' (L 3?,) 

On the b a s i s  of (12), (11), and (8), the nota t ion ~0)(p,  Z ,  iv s) = r Z,  it~ s) ,  e(1)(O, A, 3/s) = ap(p, ~, 3/s), 
P 

. . . .  a s  wel l  as  

H+@' 7)=[([--]L)--f~:~([--]L'~)+["~(-B---~ib)--fs:'(;)]" A 1(37) ' (25) 

which takes  accoun t  of the l inea r  dependence  of  the c o f a c t o r s  of  the e l emen t s  of rows  in the s y s t e m  d e t e r -  
minant  (-3/-2)A(Z, Y) for  va lues  y = i# s and 3/ =3 /s  = ~s + i0s of i ts  roo t s  

A,~I (X, 3?) A,~6(X, V) 
. . . . .  [rn:,( x, 7) ~fm:,  , (26) 

Au (~,, 3?) A,8 (X, 3?) 

i s  u sed  in (24). 
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Here ~ ----i in (21) for N = 4, 5, and quantities similar to (23) and (24) are subject to replacement by 
corresponding quantities multiplied by (-i) (see [i]). 

It is seen from the structure of the solution (13) that members of the form (21) decrease as I grows, 
and therefore, the distortion in the stress state caused by local heating (i) diminishes and vanishes as 1 

~. The main menlbers in (13) (see Cr~ and (14)-(16) for ~ < I), which describe the unperturbed stress 
state (when the medium temperature Tais constant along the axis over the whole length of the generatrix), 
are the solution of the appropriate plane problem of thermoelasticity [2] for a hollow cylinder not clamped 
at the endfaees* (the axial force and bending moment in any cross-section ~ of the cylinder equals zeroS). 

Let us note that if the medium temperature at the inner surface of the cylinder is kept constant in both 
the axial and circumferential directions (i.e., T b = eonst # 0) in (i)), then it is necessary to replace T O by 

0 ~o (14). the difference T0-T b in | of the expressions a~, aqo, 

If the discontinuous temperature field in the cylinder originates because of uniform heating of a por- 
tion of its inner (r = b) side surface (i.e., Tb is discontinuous in (i), T a = T(a, q~, z) = 0), thento find the 
main terms of the solution of this problem it is sufficient to replace a by b and b by a, -Bi b by Bi a in the 
right sides of (15)-(17), as well as to reverse the sign in front of the right sides in (14)-(17). The expres- 
sions for the residues ires FN] in the additional terms in (21) are now to be subject to replacement by the 
expressions ires F~], where (see (23)-(25)). 

ires Fi-(9, ~, i• = [res F1 (9,)~, i• ~ 1 + Bia 0a v=i~, 

[resFT(p, )~, i,,~)] = [H-(~,, i~t~) %(9, ~, ion) ] 
[ A'(x, i~) J ' 

(28) 

ires F]-(p, X, 7.)1 = [ "-(X, %) % (p' ~' 7.) ] 
A' ( L  75) ~ L 

- 1 + . 1 ( 2 9 )  

Let  us examine the ax i symmet r i c  heating case  (n = 0), which is most  important  for applications, in 
grea te r  detail .  

The values of the roots of the known [31 charac te r i s t ic  equation (3), needed for numerical  computa-  
tions by means  of (13) (for different  values of the Blot cr i ter ia)  a r e  contained in tables [4-6]. 

The roots of the equation -Y "~A0(X, 7 ) [71, which a r e  in expanded form 

1 { [az  + 2 (1 - -  v)l  [~2 + 2 (1 - -  ~)1L~'~ - ~ - %  (~) = - g ~  

2 t~ - -  l!I 2 [c* 2 + 2 (1 - -  ~ ) 1 L ~  ~ (z ~ [[3 ~ + 2 (1 - -  v)] L~ + cz2~2L2 @ C~ 2 @ ~2 @ 4 (1 - -  '~)} = O, ( 3 0 )  

are found by solving the appropriate elastic problem of a hollow cylinder and are presented in Table i (v 

= 0.25). 

The exact  equation (30) can be replaced by an asymptotic  equation for [ fl I -> 10 on the basis of a symp-  
totic representat ions  of the Bessel  functions: 

~ {  I ch2(cr - v - ~ o  ( v )  ~ ( ~  - ~ )~  - 

_ _  l_l__ [ 2 (1 - -  ~) (cr - -  ~)2 __  _ _  
[ 

and its approximate solution is (for s >- 2): 

a--~a~ [ ( 1 - - v ) - - l ]  s h 2 ( ~ - ~ )  

a ~ + ~ ] } = O , 4  (31) 

* Pure bending stresses, due to the moment, are excluded from consideration starting with (5) (for n = I). 
The conditions that the axial force and bending moment be zero are satisfied not only for the main terms 

a 0 but also for the whole expression (13) for a z. 
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T A B L E  1. Values  of the Roots  of  the T r a n s c e n d e n t a l  Equat ion 
(30) of  the A x i s y m m e t r i c  P r o b l e m  of an  E la s t i c  Hollow Cyl inder  

b "-a- L L?t = k~h + i~0t k?2 = ~.~2 -~ iX0, k?: = %~Is q- Ik0~ 

0,I 
0,2 
0,3 
0,4 
0,5 
0,6 
0,7 
0,8 
0,9 

9/11 
2/3 
7/13 
3/7 
1/3 
1/4 
3/17 
I/9 
1/19 

0,6353+il ,1787 
0,6040+i0,9976 
0,5681+i0,8420 
0,5254+i0,7124 
0,4771+i0,6014 
0,4236+i0,5026 
0~3638+i0,4100 
0,2943+i0,3175 
0,2065+i0,2139 

1,026!+/2,7128 
1,0798+i2,3793 
1,1122+/2,2541 
1,1213+i2,1873 
1,1224-}-i2 , 1503 
1,1234-}-i2,1276 
1,1242+i2 , 1162 
1 , 1248+i2 , 1100 
1,1252+i2,1070 

1,2800+i4,1154 
1,3691 ~-i3,9072 
1,3809+i3,8276 
1,3833~-i3,7912 
1,3812+i3,7692 
1,3828-}-i3,7600 
1,3838+i3,7542 
1,3840+i3,7508 
1,3842 -}-i3. 7492 

T A B L E  2. Change  in the Quanti ty t yq~[z=o la~  on the Side S u r -  
faces  (r = a and r = b) of  Hollow Cy l inde r s  of  D i f f e ren t  Th i cknes s  
as  the Leng th  (2c) of the A x i s y m m e t r i c a l l y  Heated P o r t i o n  of  the 
Oute r  Sur face  (r = a )  I n c r e a s e s  (for T b = 0) 

0,2 

0.4 

0,6 

0,8 

b/a 

r ~ a  
r ~ b  
r - - a  
r ~ b  

r ~ b  

r ~ b  

0.l 
1,971 
0,180 
1,524 
0,211 
1,253 
0,348 
1,163 
0,331 

0,3 
1,306 
0,519 
1,064 
0,573 
0,909 
0,806 
0,851 
0,817 

cla 

0,5 
1,028 
0,768 
0,901 
0,831 
0,872 
0,998 
0,826 
0,969, 

I,O 
0,909 
1,025 
0,897 
1,271 
0,974 
1,033 
0,972 
1,046 

1,5 
0,960 
1,037 
0,968 
1,040 
1,00I 
1,003 
1,006 
1,001 

1 ~2(7--8v) ( l n t ~ - - l ) +  + i  Int. ~ ( ~ - ~  J (32) t . 6 ~ = ~ -  In 2 t~+  1--~2 

I t  is not  without  i n t e r e s t  to note  tha t  by keep ing  the m a i n  t e r m s  in the f i r s t  two m e m b e r s  of (31), we obta in  
the equat ions  

4~3 I ~ ~  1 + 1 - - - -  = 0 ,  (33) 
1 - -  k ~ (427) ~ 1 - -  ~ 4~ 7 ] 4L 7 

which a r e  ident ica l  to the we l l -known equat ions  c h a r a c t e r i s t i c  of p r o b l e m s  on c o m p r e s s i o n  and bending of  
an  e las t ic  l a y e r  of th ickness  2 ~ [8] 

1 + sh 2 ~ 7  --_ 0, 1 sh 2 k ~  --_ 0, (34) 
2k7 2L7 

ff exp ( - 4  ~y) in the l a s t  m e m b e r s  a r e  neg lec t ed  in c o m p a r i s o n  with uni ty:  

e2av e2~v 
I §  1 - -  . = 0 .  (35) 

4L7 4k7 

There results from (33), (35), and (32) that the magnitude of the product 2ZTs is almost independent of Z 

and for s = 2, 4 .... agrees with the roots of the equation for a compressed, and for s = 3, 5 .... of a 

cambered layer, where 2 kTs is practically a constant (for fixed s) for b/g -> 0.4 and S - 2 (see Table I). 

To illustrate the order of the computation, let us find values of the quantities (r ~ and ~z on the side 

surfaces r = a and r = b in the z = 0 section of a cylinder having zero temperature on the inner surface and 

being heated on a portion of the outer surface of length 2c = 0.5g, say, if b : 0.4g and Big = Bi b = oo. 

Using the data of Table i and [6],* as well as values of functions of the type (23), (24) which we have 

tabulated, we obtain by means of (13), (14), (18), (19), (21), (22) for 19 -- I + Z (to verify the rapid conver- 

gence of the series, the summed terms s = i, 2, 3 are shown) 

* The asymptotic representation of the roots of (3), which here degenerates into A 0 ( k, 7 ) = L0 = 0, is the 

following: ~ •  2 [1--~.') : ' s !  ] :  
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(~)a _ 1 - - 4 . 2 2 3  {[--0.014 + 2(--0.010)] q- [--  0.001 q- 2.0.001] +0} = 1.139, 
(~)o 

((~q')b _ 1 + 2.326 {[-- 0.058 + 2 (--  O. 138)] + [--  0.004 + 2 0.002] + [0.001 ~ 0]} = 0.495, (o~)~ 
(%)~ = - -  0.005 (a~ (%)b = 0.214 (a~ 

(36) 

(37) 

(38) 

where  

o0 [ 2b' 1 ] 
( a ~ 1 7 6  2(1__~) [ : a ~ b  ~ in .a  ; 

b 

O0 [ 2a ~ 1 ] 
(a~176 2(1---~)" a~--b" In a .  " 

b 

Star t ing f rom the Hooke ' s  law re la t ionships  with t e m p e r a t u r e  t e r m s  

Eu = r {[a,p - -  v (% q- %)t q- %ET}, 

(39) 

we d e t e r m i n e  the radia l  d i sp lacements  of the side su r faces  (on which ap = 0) in the s a m e  z = 0 sect ion,  in 
pass ing :  

where in  

(u)= = 0.715 (u%, (U)b = 0.580 (U%, 

E u  ~ 2 a  ~ 1 1 + v a 2 
O~176 a2--b~ In a---b l - - v  a2--b2 I---~2 ~ b ] J "  

P r e s e n t e d  in Tab le  2 a r e  r e su l t s  of calcula t ing the values  of the ra t ios  of the c i r cumfe ren t i a l  s t r e s s e s  
(see (36)-(37)), found for  cy l inders  of d i f ferent  th ickness  for  a d i f ferent  re la t ive  length of the heated por t ion  
of the outer  su r f ace  (lira a ~o = a~ ) .  These  r e su l t s  afford the poss ib i l i ty  of quanti tat ive es t imat ion  of the 

d is tor t ion  induced by local  heat ing in the values  of the s t r e s s e s  a ~  (39) which a r e  constant  over  the whole 
genera to r  length under uni form a x i s y m m e t r i c  heat ing of the outer  side su r face  of the cyl inder .  

I t  is easy  to go f rom the solution (13) over  to the solution for  the case  of concent ra ted  heat ing (in the 
sec t ion  ~ = 0) on a c i r c l e  of radius  p = 1 + Z : 

lim2/T~ ~ T*~R -1 (21-+0, T~-+ oo), (40) 
, 

where  Tn  is the t e m p e r a t u r e  p e r  unit length of the outer  c i r c u m f e r e n c e  of the cyl inder .  

The p a s s a g e  to the l imi t  in (21) (for ~ > l) r e su l t s  in the following expres s ions  for  the functions c0T(p, 
7~, ~) for  N = 1, 2, 3, 6: 

co 

CONT(p, ~, ~ ) =  Z{[--•  ~,, i•215 

+ [-- ,% res  F N (p, ~,, [~ts) ] exp (-- >,~) + 2 Re [i% res F N (p, ~,, 7s)] exp (i?,~)}, (41) 

and in an analogous fo rm for  N = 4, 5. 

The exp res s ions  for  the s t r e s s e s  for the case  of concent ra ted  (40) heating (1) can now be r e p r e s e n t e d  
thus for  example  (| - |  = [aTET~]) :  

Rgcp z Ra~ - co T cos n% R% _ c% r cos n(?, - col sin ncp. (42) 
O* O* O* 

The re su l t s  obtained above can eas i ly  be extended, on the bas i s  of the superpos i t ion  pr inc ip le ,  to the 
ca se  of heat ing a por t ion  of the outer  side su r face  of a cyl inder  accord ing  to any law Ta  = T ( a ,  ~0, z). 

Taking account  of 311 that  has gone before  (see (27)-(29)), the pa s sage  to the solution for  the case  of 
a r b i t r a r y  heat ing on the inner  su r face  T b = T(b,  ~o, z) is a l so  quite s imple .  

621 



T = T(r, q~, z) 
a 

b 
R = (a + b)/2 
;~ = ( a - b ) / 2 R  
l = c / l ~  
p = r / R  ( I -  k~__< p _ 1 + k); 

= z / n  
a=Ta/R  =y(1 + k ) ;  

= ~ / b / R  = ~ ( 1 - X )  
ha, hb 
Bia = a_ha; 
Bib = bhb 

aT  
E 
P 

[+] -- [1 + (a/Bia)(i~/Oc~)], 
[-] = [1-(fl/Bib)(a / 0fl)] 
L -- L(x, y) -= Ln(x, y) 
= In(x)Kn(Y ) -  In(Y)Kn(x) 

N O T A T I O N  

is the t empera tu re  at  a point of an elast ic  cyl inder ;  
is the outer  radius ;  
is the inner radius;  
is the mean  radius of the cyl inder ;  
is half  the re la t ive  thickness of the cyl inder  wall;  
is half the re la t ive  length of the heated sect ion;  

a r e  the dimensionless  coordinates ;  

a r e  the values of the quantity Yp for  p = 1 • k ; 
a r e  the re la t ive  heat  t r ans fe r  coeff ic ients ;  

a r e  the Blot c r i t e r i a ;  
is the coeff icient  of l inear  thermal  expansion; 
is the elast ic  modulus; 
is the Po i s son  rat io;  

a r e  the o p e r a t o r s ;  

are  the combinations of modified Besse l  functions of the f i r s t  In(x) -- I(x) and 
third Kn(x) -= K(x) kinds of o rd e r  n, where  {Lx(x, Y)}y=x = 1 / x  (the p r ime  
denotes different iat ion with r e sp ec t  to the argument) ; 

Vl(x ) = (1-2v)l(x) + xI'(x); 
Wl(x) = V{(x) + I'(x)-nil(x)/2x. 

2. 
3. 
4. 
5. 
6. 
7. 
8. 
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